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Abstract. In the present article, we derive the space-time action of the bosonic string in terms of geometrical
quantities. First, we study the space-time geometry felt by a probe bosonic string moving in antisymmetric
and dilaton background fields. We show that the presence of the antisymmetric field leads to space-time tor-
sion, and the presence of the dilaton field leads to space-time non-metricity. Using these results we obtain
the integration measure for space-time with stringy non-metricity, requiring its preservation under parallel
transport. We derive the Lagrangian depending on stringy curvature, torsion and non-metricity.

1 Introduction

General relativity is described in terms of a torsion free and
metric compatible connection. There are many generaliza-
tions of this theory that include a non-trivial contribution
of torsion and non-metricity [1, 2].

We are interested in the theory of gravity obtained from
string theory, describing the massless states of the closed
bosonic string. Besides the metric tensor G, it contains
the antisymmetric tensor B,,,, and the dilaton field ¢. The
space-time field equations of this theory can be derived
from the requirement of Weyl invariance of the quantum
world-sheet theory, as a condition of consistent string the-
ory [3—7]. It is a non-trivial fact that these field equations
can be obtained from a single space-time action. Conse-
quently, the quantum conformal invariance of the world-
sheet leads to generalized space-time Einstein equations
and the corresponding action. The question is whether
there exists a geometrical interpretation of this action. In
our interpretation, it means the existence of a generalized
connection, so that the above action can be written in
terms of corresponding generalized curvature, torsion and
non-metricity.

There have been many attempts to achieve this goal
of expressing this action in terms of geometrical quan-
tities. In [8-10] there is a restriction on the number of
space-time dimensions (D = 2 and D = 4), in order to use
the Hodge dual map. Some articles [8,11,12] investigate
a Riemann—Cartan metric compatible space-time, while
in [9] the space-time is torsion free but with a connection
non-compatible with the metric. In the article [10], one
considers space-time with both torsion and non-metricity
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non-trivial. The authors of this reference assume a certain
form for the torsion and non-metricity, and they restrict
their considerations to D = 4 space-time dimensions. The
torsion is usually connected with the field strength of an
antisymmetric field [13—15], while in some papers [11,12]
the trace of the torsion is related to the gradient of the dila-
ton field.

In this article we first derive the form of the connection
from the world-sheet equations of motion. It corresponds
to a new covariant derivative, which makes it easier to per-
form calculations, including those in a quantization pro-
cedure. We find that the string sees the space-time not as
a Riemann one, but as some particular form of affine space-
time, which besides curvature also depends on torsion and
non-metricity. The features of this geometry define effect-
ive general relativity in target space.

In Sect. 2, we formulate the theory and briefly repeat
some results of [16].

Starting with the known rules of space-time parallel
transport, in Sect. 3 we introduce the torsion and non-
metricity. We decompose the arbitrary connection in terms
of the Christoffel one, contortion and non-metricity. With
the help of the equations of motion, we find a particu-
lar form of stringy torsion and stringy non-metricity [16].
To the space-time felt by the probe string we will refer as
stringy space-time.

In Sect. 4, we derive the form of the space-time ac-
tion. We obtain the integration measure for spaces with
non-metricity from the requirements that the measure is
preserved under parallel transport, and that it enables in-
tegration by parts. Our integration measure is a volume-
form compatible with the affine connection [17]. In a par-
ticular application, to improve the standard measure, [12]
uses the torsion, while we use the non-metricity. We con-
struct the Lagrangian linear in the stringy invariants of
scalar curvature, square of the torsion and square of the
non-metricity. We discuss the relation of the space-time
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action of the present paper with the space-time action
of [3-7].
Appendix A is devoted to the world-sheet geometry.

2 Canonical derivation of the field equations

The closed bosonic string, propagating in an arbitrary
background, is described by the sigma model (see [3—7] and
[18,19]):

goh

s=n [ d2w—g{ Bg“ﬁaw(m o gBMw)}
X D" Dz +45(x)R(2)} . (1)

with z#-dependent background fields: the metric G, the
antisymmetric tensor field B, = —B,, and the dilaton
field &. Here, g,g is the intrinsic world-sheet metric and
R® is the corresponding scalar curvature. Let /(&) (u =
0,1,...,D—1) be the coordinates of the D dimensional
space-time Mp and &% (£° =7,£! = o) the coordinates
of the two dimensional world-sheet Y spanned by the
string. We will denote the corresponding derivatives as
o= aiu and 9, = B?ﬂ'

Let us briefly review the canonical analysis and deriva-
tion of the field equations obtained in [16]. Restricting our
considerations to the condition a? = G**aya, # 0 (a, =
0,®), we define the currents

. a, . . a, .
Ji“:PTuV]iu'i_Q:zli:Jiﬂ_ag]’ (2)

at

1
Zi = agj:l:p— 2a2iii2/@F’, z‘i =7p £+ 2P,

(3)
where
) vl 1
]iu:'ﬁu‘i‘m‘?ﬂiuuaf R Hi,“,EBIW:I:2G,W (4)
and
. . 1. .
]za“ji#—2zi=a2(zi2|:2/€F/). (5)
Here 7, and 7F are the canonically conjugate momenta to
the variables z# and F'.
Up to the boundary term, the canonical Hamiltonian
density has the standard form
He=h"T_+h'T,, (6)
with the energy—momentum tensor components
uv -F D 1 -/
(G JiﬂJiy+ZiZﬁ:)+2Zi

2
v . ] 1 &/ .
%, (GM Jenden— a2> P (0

T:
:i::F4
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In spite of their complicated expressions, the same chi-
rality energy—momentum tensor components satisfy two
independent copies of Virasoro algebras,

{T(0), T+(0)} = —[Tx(0) + T=(3)l0'(c —5),  (8)

while the opposite chirality components commute:
{TivT:F} =0.

2.1 Equations of motion

In [16], using the canonical approach, we derived the fol-
lowing equations of motion:

[JH] = Vsiat +* T8, 0:aP 0527 =0, 9)
[hi] = Guuaixuaixy —2V410+9=0,

2
[iF] =R® + a? (D:FMG’V)aixyainu =0,

where the variables in the parentheses denote the currents
corresponding to this equation. The expression

aP
xmp P
Fiuu _Fiuu+ aQDiMa’V

aP
=TIy, + PTPC,B,‘Z,L + 2 D,a, , (12)
which appears in the equation for [J#], is a generalized
connection, the full geometrical interpretation of which we
are going to investigate. Under general space-time coordi-
nate transformations, the expression *I'f, ., transforms as
a connection.

The covariant derivatives with respect to the Christoffel
connection I’/ and to the connection re, =10, £B, we

respectively denote as D,, and D4, while

B,y =0uByp,+0,Bp,+ 0,8,
=D,B,,+D,B,,+D,B,, (13)
is the field strength of the antisymmetric tensor. The pro-
jection operator which appears in (12),
a,ay _
PT;U/ = G[Ll/ - 22 = Gﬁ)y ! ) (14)
is the induced metric on the D — 1 dimensional submani-
fold defined by the condition $(x) = const.
In (9) and (11) we omit the £ indices of the currents,
because [J4] = [J"] and [i¥'] = [i] as a consequence of the

symmetry relations *I'%  =*I'"}  and Dz,a, = Di,a,,.

3 The geometry of space-time
seen by the probe string

In this section we introduce the affine linear connection,
the torsion and the non-metricity [1,2]. With the help of
the string field equations we derive expressions for the
stringy connection, torsion and non-metricity, felt by the
probe string.
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3.1 Geometry of space-time
with torsion and non-metricity

In curved spaces, the operations on tensors are covariant

only if they are realized in the same point. In order to

compare vectors from different points, we need the rule

for parallel transport. The parallel transport of the vector

VH(x) from the point x to the point z + dz produces the

vector OVH“ =VH+°5VH, where

oVH =Ty VPda? . (15)

The variable °I'), is the affine linear connection. The co-
variant derivative is defined in the standard form
°DVHF =VH(z+dz)— OVH" = dVH —°§VH

= (8,,V“ +°F/§LVVP) dz¥ =°D,VFdz”. (16)

The antisymmetric part of the affine connection is the

torsion:

°ry,=°"1h,-°Iy,. (17)
It has a simple geometrical interpretation, because it mea-
sures the non-closure of the curved “parallelogram”.

The metric tensor G, is an independent variable that
enables calculation of the scalar product VU = G, V*U",
allowing one to measure lengths and angles.

We already learnt that the covariant derivative is re-
sponsible for the comparison of vectors at different points.
What variable is responsible for comparison of the lengths
of these vectors? The squares of the lengths of the vectors,
VH(x) and its parallel transport to the point = + dz, OVH" ,
are defined respectively as V?(z) = G, (z)VH*(z)V"(z)
and OVH2 (x+dz) =Gu(z+ dx)OVH“ °V['. If we remember
the invariance of the scalar product under parallel trans-
port, then the difference of the squares of the vectors is

V2 =V (x4 dz) - V*(x)
=[G (@+ dz) = G (@) = G ()] V] V]!

(18)
Up to higher-order terms we have
°§V2 = [dGW(x) — °5GW(:L’)] VevY
=°DG,, V*VY = —dz°Q,, VFVY,  (19)

where we introduced the non-metricity as a covariant
derivative of the metric tensor:

OQupo =

Besides the length, the non-metricity also changes the
angle between the vectors V}* and V4, according to the re-
lation

—°D,G s . (20)

-1
°§cos(/(V1, Vo)) =
(/(V1,V2)) 2 V2V
VPVU PY/o
X [2‘/1/)‘/20_( ! 21 +V2 ‘;2 )(W%)}OQupodxu'
Vi Vs
(21)
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Note that we performed parallel transport of the vec-
tors, but not of the metric tensor. This means that for the
length calculation in the point x + dz we used the metric
tensor G, (x + dz), which lives in this point, and not the
tensor G, + °0G ., obtained after parallel transport from
the point z. The requirement for the equality of these two
tensors is known in the literature as the metric postulate.
In fact, it is just compatibility between the metric and the
connection, such that the metric after parallel transport is
equal to the local metric. Here we will not accept this re-
quirement, because the difference of these two tensors is
the origin of the non-metricity. So the non-metricity mea-
sures the deformation of lengths and angles during parallel
transport.

We also define the Weyl vector by

1
Oqlz = DGPUOQM}G s (22)
where D is the number of space-time dimensions. When
the traceless part of the non-metricity vanishes,

Og‘upaz OQupa - GpUOqM =0,

the parallel transport preserves the angles but not the
lengths. Such a geometry is known as a Weyl geometry.

Following [1, 2], we can decompose the connection °I’/!,
in terms of the Christoffel connection, contortion and non-
metricity. If we introduce the Schouten braces according to
the relation

(23)

{upa} = aup+pop—ppo, (24)
then the Christoffel connection can be expressed as I',, ,» =
50( 1Gpoy- The contortion ° K,y is defined in terms of the
torsion

10
2 T{UMP}
1

D) (OTPUM +Thpo — OTUMP) :

OK#PU =
(25)

The Schouten braces of the non-metricity can be solved
in terms of the connection, producing

1
OFM,/M =T po+ ° ppo T QOQ{upo} : (26)
The first term is the Christoffel connection, which depends
on the metric, but which does not transform as a tensor.
The second one is the contortion (25), and the third one
contains the Schouten braces of the non-metricity (20).
The last two terms transform as tensors.

3.2 Stringy torsion and non-metricity

The manifold Mp, together with the affine connection ° I/},
and the metric G, define the affine space-time Ap =
(Mp,°I',G). We will refer to the connection (12) as the
stringy connection, and we will refer to the correspond-
ing space-time Sp = (Mp, *I'y, G), observed by the string
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propagating in the background G,,, B,  and @, as the
stringy space-time.

The antisymmetric part of the stringy connection is the
stringy torsion:

MTyh, =*Iyh, = Tyl =+2P"P,B7,.  (27)
It is the transverse projection of the field strength of the
antisymmetric tensor field B),,. The form of (13) suggests
that B, is a torsion potential [20, 21].

The presence of the dilaton field @ leads to breaking of
the space-time metric postulate. The non-compatibility of
the metric G, with the stringy connection *I'f, o 18 meas-
ured by the stringy non-metricity,

1
*Qiuptf = —*DiMGpa = 2 Diu(apag) . (28)
Consequently, during stringy parallel transport, the length
and angle deformations depend on the vector field a,.
The stringy Weyl vector

* 1 o * —4
du = DGP Q+ppo = D Oup

is the gradient of the new scalar field ¢, defined by the ex-
pression

(29)

1 1
p=—,In a’=— A In(G** 9,80, 9P) . (30)
The stringy angle preservation relation
*@iupa: *Qj:upa - Gpo*qM =0 (31)

is a condition on the dilaton field @. Generally, in stringy
geometry both the lengths and the angles could be changed
under parallel transport.

Using the relation

. 1 1, 1
K:I:,upo + 2*Qi{upo-} = :I:2 T,upo + 2*Q{upa} ) (32)

instead of (26) we can write

1 1,
*Fiww =T po* Q*Tupo + 9 Q{upff} ) (33)
where the quantities *T,, = 2PT% B, ,; and *Qupe =
—*D,Gpo = 5 Dy(a,a,) do not depend on the + indices.
In fact, the last term is *Qy 0} = 2 Zg D,a.,so that we can
recognize the start expression (12).

4 The space-time action
The space-time field equations for background fields, de-

rived as a quantum consistency condition of string the-
ory [3—7], has the form

1 leg
O =Ry — 4BH,MBV’J +2Dya, =0, (34)
fl, =D,B",, —2a,B",, =0, (35)
D —26 1 .
ﬂ@ =47k 5 — R+ 12BupoB“p
—4D,a" +4a* =0, (36)
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so that the world-sheet theory is Weyl invariant. Here R,,,,,
R and D,, are the space-time Ricci tensor, scalar curva-
ture and covariant derivative, respectively, while B,,,, is
the field strength of the field B,,, and a, = 0, 9.

These field equations can be derived from a single
space-time action,

S— / day/—Ge2® [R— 11232+4(a¢)2], (37)

where B? = B,,,,,B"*? and (0$)? = G* 9,80, P.
The action is defined up to a total derivative. So it de-
pends on some constant parameter (:

Se=S+¢ / dad, (V-GG a,e7)  (38)

and can be rewritten in the form

ng/d:r

V—Ge 2 [R— 112BQ+4(1+C)(8¢>)2—2§D245} ,
(39)

where D?® = G**D,,9,®. For simplicity, in order to ex-
clude the third term, we adopt { = —1 and obtain

S¢=—1= / dzv/—~Ge [R— 112B2+2D2¢]

= / dzv/—-Ge 2L (40)

Using the stringy geometry introduced in the previous
section, we are going to reproduce the above space-time ac-
tion. Generally, it has the form

*S = / dPz*Q*L, (41)

where *(2 is a measure factor, and * £ is a Lagrangian which
depends on the space-time field strengths.

4.1 The space-time measure

We define the invariant measure, requiring that the follow-

ing holds.

1. Tt is invariant under space-time general coordinate
transformations.

2. Tt is preserved under parallel transport, which is equiva-
lent to the condition *D4,* (2 = 0.

3. It should enable integration by parts, which can be
achieved with the help of the Leibniz rule and the relation

/ dPz*Q2*Dy,VF = / dPzd,(*QVH),  (42)
so that we are able to use Stoke’s theorem.

For Riemann and Riemann—Cartan space-times, the
solution for the measure factor is well known: 2 = /—G
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(G = det G},,). For spaces with non-metricity, this standard
measure is not preserved under parallel transport, and re-
quirements 2. and 3. are not satisfied. Instead of changing
the connection and finding the volume-preserving one, as
has been done [1, 2], we prefer to change the measure.

Let us try to find the stringy measure in the form
*2 = A(z)v/—G. In order to be preserved under parallel
transport with the stringy connection, it must satisfy the
condition

*Dipy(V—GA) = 0,(V-GA) -T2, V-GA=0.
(43)

Using the relation

D
Tf,, =0 (V=Ge) =T0, + ' "qu,  (44)

2

we find the equation for A: 9,4 = ' *q, A. The fact that the
stringy Weyl vector *g,, is the gradient of the scalar field ¢,
defined in (30), helps us to find the solution A = e~2¢. The
stringy measure factor, preserved under parallel transport
with the connection *I'{’,, obtains the form

*N=+-Ge 2%, (45)
Consequently, we have *I'?, , = 9, In*{2, and (42) is satis-
fied. So, if we use the stringy measure *{2, we can integrate
by parts, and all requirements are satisfied.

The above measure is a volume-form compatible with
the connection of [17]. In our case only non-metricity con-
tributes to the improvement, because in stringy geometry
the torsion contribution vanishes, *1%.7,,, = 0.

The measure factor in (40), v/—Ge~ 2%, has the same
form as the one in the present paper and confirms the ex-
istence of some space-time non-metricity. The requirement
of the full measure equality, ¢ = @, leads to a Liouville-like
equation for the dilaton field:

G"9,80,8— e =0. (46)

For D = 2 it turns out to be the actual Liouville equation.

4.2 The space-time Lagrangian

We are going to reproduce the Lagrangian defined in (40)
with suitable combinations of the stringy scalar cur-
vature, defined in the standard way with the stringy
connection (12),

*Ry = R—B*+2D%p—4(0¢)?
+ €' [2(aB)? +2a"9,(Da)

+a"D,(Da)+ (Da)?], (47)
the stringy torsion (27),
*TP 4 = £[2BP,, —2€"%a” (aB) ] (48)

and the stringy non-metricity (28),

*Qtppo = el? [Du(apas) Fay(aB)oy F as(aB)yu], (49)
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where (aB),, = a’Bpu,, (aB)? = a”B,,,a°B," and
Da = D,a*. First, we construct the corresponding
invariants

* * VP

2 _ x
+ = Tilwp +

=4[B*— ¢"(aB)?], (50)

*Qi = *Q:I:,uup*Qiyp
= 8(dp)? +2e* [(Duau)(D“a”) + (aB)Q] (51)
and
*q2 = *qu*q,u
1

" . 16
= 52 G Qunpe GQx ey = 15 (09)*, (52)

where *g,, is stringy Weyl vector defined in (29). Note that
all invariants are independent on the + indices, and we put
*R:i: — *R, *TjQ: — *TQ and *QQj: — *Q2'

We assume that the Lagrangian is linear in these invari-
ants and choose appropriate coefficients in front of them,

1 1 D

* — %
L= R+48 4

(53)

in order to reproduce the expression (40):
*L=R— 1B2+2D2 + L loar (Da) +a"D,(Da)
= 19 p+ 2 |20"0u(Da)+a"Dy(Da

t(Day - *? (DM(D%“)} . (54)

12

If the condition (46) is satisfied, the Lagrangian (54), up
to the term with the factor alz , coincides with that defined
in (40).

The Lagrangian (40) has been obtained from one-loop
perturbative computations. The higher-loop corrections
generally depend on the renormalization scheme [22]. We
argue that the term proportional to alz in *L originates
from higher order contributions. The reason is that there is
a difference between the Lagrangian and Hamiltonian per-
turbative approaches [16]. The leading order term of the
Hamiltonian contains a $-dependent part proportional to
;2, while the leading order term of the Lagrangian is &-
independent. Because the stringy invariants of the present
paper are defined by the Hamiltonian form of the field
equations, (9)—(11), we expect that the term proportional
to -, is a consequence of different perturbative approaches.
Up to this term, for ¢ = @ we have *L = L.

5 Conclusions

In the present paper we show that the probe string, as an
extended object, can see more space-time features than the
probe particle — torsion and non-metricity. We find their
forms in terms of the background fields, which define the
target space geometry felt by the string.
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The equations of motion (9)—(11) help us to obtain the
explicit expression for the stringy connection (12). It pro-
duces the stringy torsion (27) and the non-metricity (28),
originating from the antisymmetric field B, and the dila-
ton fields @, respectively.

Let us clarify how the space-time geometry depends
on the background fields. In the presence of the met-
ric tensor G, the space-time is of Riemann type. Inclu-
sion of the antisymmetric field B, produces a Riemann—
Cartan space-time. The appearance of the dilaton field &
breaks the compatibility between the metric tensor and the
stringy connection. When all three background fields G ..,
B,,, and @ are present, the string feels the complete stringy
space-time.

Finally, we construct the bosonic string space-time ac-
tion in terms of geometrical quantities. In order to find
the integration measure that is invariant under parallel
transport, we used the fact that the stringy Weyl vector
is the gradient of the scalar field . We also derive the
Lagrangian as a function of the stringy invariants: scalar
curvature, torsion and non-metricity.

We discuss the connection between our result and that
of [3-7], in spite of their different origins. The standard
result is quantum and perturbative, while our’s is clas-
sical and non-perturbative. In particular, our scalar field
¢, defined in (30), plays the role of a dilaton field ¢ and
has the same position in all expressions. Up to the non-
linear term proportional to 1, (which is a consequence
of the different perturbation theories in the Lagrangian
and Hamiltonian approaches) for ¢ = @, these two actions
are equal, including the dilaton factor in the integration
measure.

It is well known that the dilaton dependent Weyl trans-
formation

2($g—B)
G, —e D-2 G, (55)
takes the Lagrangian to the Hilbert form:
SE = / doy/-GP |R— e 8%p2_ 1 (o0
12 D-2 5
(56)

where the index E means that all quantities are define in
terms of the Einstein metric, GEU. In this form of the La-
grangian, the dilaton decouples from the curvature, but it
is still coupled to the torsion through the second term. As
a consequence, neither of the two Lagrangians obeys the
equivalence principle, so that the change from the string
frame to the Einstein one does not help us to choose a pre-
ferred definition of the metric [19].

Our approach prefers the so called string frame to be
taken as more fundamental, because we can offer a clear
geometrical interpretation for it. In particular, the preser-
vation of the integration measure under parallel transport
singles out the form (45) for it. This is just characteristic of
the string frame.

There is another reason for the string frame [18,19].
Only when the action is written in terms of the fields orig-
inating from strings, the constant part of the dilaton, @,
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appears as an overall factor as well as the coupling constant
in Yang—Mills theories.

Consequently, we show that the string space-time ac-
tion, in terms of geometrical quantities, depends not only
on the curvature and torsion felt by the probe string, but
also on the non-metricity, which causes absence of the
equivalence principle.

Let us mention one curiosity. It is known that the co-
efficient in front of the Liouville action is proportional to
the central charge and measures quantum breaking of the
classical symmetry. The contributions to the central charge
of the anticommuting ghosts b, ¢ corresponding to the con-
formal symmetry and the commuting ghosts 3, corres-
ponding to the superconformal symmetry are ’4286 and }ll,
respectively. In the definition of the Lagrangian *L, (53%7
the coefficients in front of the stringy non-metricity and the
stringy torsion are just equal to the coefficients of the b, ¢
and (3, vy ghost contributions. We do not find a good reason
for this similarity, but we find it interesting to mention this
coincidence.

Appendix: World-sheet geometry

We use the notation of [16], expressing the intrinsic world-
sheet metric tensor g, in terms of the light-cone variables
(W h™, F):

N 1 —2h~ht R +ht
_ 2F _ 1 oF
Jop =€ Gap = 5 © ( h™+ht -2 > '
(A1)
The world-sheet interval has the form
ds? = gapde™deP =2d¢Tde, (A.2)
where
+_ El g4 + 140 + a
dé™ = e’ (d¢t —hTdE”) =e*,dE”. (A.3)

V2

The quantities e*,, define the light-cone one-form basis,
6* = et d€*, and its inverse defines the tangent vector ba-
sis, e4 = e4+ %0y = O0+.

In the tangent basis notation, the components of the
arbitrary vector V,, have the form

\/2e*F

=e4V, = ATV A4

Vi=esV, h__h+(V0+ 1) (A.4)

The world-sheet covariant derivatives of the tensor X, are
ViX, =0+ +nwi)X,, (A.5)

where the number n is the sum of the indices, counting the
index + with 1 and the index — with —1. The two dimen-
sional covariant derivative Vi is defined with respect to
the connection
(

we=eF (0L FOLF),
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